Abstract. Inverse limits of modules and, more generally, of universal algebras, are not always pure in corresponding direct products. In this note we show that when certain set-theoretic properties are imposed, they even become direct summands.
Lemma 1. A subalgebra B of an algebra A is a retract of A if and only if every system of equations over B and with a solution in A has a solution in B.
Proof. (Cf. [2, Proposition 22.3] .) Suppose B is a retract of A, with retraction g, and let Σ be a system of equations over B with a set of unknowns {x s } s∈S . If {a s } s∈S is a solution of A in Σ, then, clearly, {g(a s )} s∈S is a solution of Σ in B. Conversely, let Σ be the system over B x f ((ai) i∈r(f ) ) = f ((x ai ) i∈r(f ) ),
for any a i ∈ A, b ∈ B and any operation f on A (with arity r(f )), and where the unknowns are indexed by A. This system is solvable in A by 
as required. It now follows that lim ← −
A i is not empty (choose Σ with C = ∅) and therefore is a subalgebra of i<α A i , and that it is a retract of i<α A i , by Lemma 1.
We next turn our attention to cardinals with the tree property stating that the cardinal satisfies König's Lemma. Recall that ℵ 0 and weakly compact (e.g. measurable) cardinals have the tree property, whereas ℵ 1 and singular cardinals do not.
Proposition 3. Let α be a limit ordinal, κ be an infinite cardinal with the tree property, and
{A i ; σ j i } i≤j<α be a
well-ordered inverse system of algebras with |σ
Proof. If κ < cf(α), use Proposition 2. Suppose that κ = cf(α) with α = t<κ α t , where α t < α. Then, using the tree property of κ and an argument similar to that of 
<κ and λ is a cardinal less than κ. It follows that the set {X J } J∈[I] <κ generates on i∈I T i a κ-complete proper filter, which, as κ is compact, can be extended to a κ-complete ultrafilter
As in the proof of [3, Theorem 1, p. 132], we obtain that U i is a κ-complete ultrafilter on T i . By hypothesis |T i | < κ, so that U i is a principal generated by a singleton {y i }, say. Now, for all i, j ∈ I, π
A i is non-empty, and thus a subalgebra of i∈I A i . Next, let Σ be a system of equations over lim ← − A i with unknowns {x s } s∈S and constants {c} c∈C , and suppose it is solvable in i∈I A i by {a s } s∈S . 
